We have investigated the feasibility of the hybrid-type method of lattice Boltzmann and Brownian dynamics as a simulation technique for a magnetic particle suspension. To do so, we have addressed aggregation phenomena in thermodynamic equilibrium and have compared the present results with those of Monte Carlo method and the previous lattice Boltzmann method based on fluctuation hydrodynamics (FH). The viscosity-modifying technique has been employed for sophisticating the activation level of the translational and rotational Brownian motion of magnetic particles. From the results regarding the snapshots and pair correlation functions, the present hybrid-type simulation method is seen to show good agreement with the results of Monte Carlo and FH-based lattice Boltzmann method both quantitatively and qualitatively. For example, the characteristics of the magnetization are in good agreement with Monte Carlo and FH-based lattice Boltzmann results. This clearly shows that the rotational Brownian motion of magnetic particles is activated at a physically reasonable level.
Introduction
Ferrofluids (Rosensweig, 1985) and magneto-rheological fluids (Bullough, 1996) are typical functional fluids, and these fluids are obtained by having magnetic particles to be dispersed in a base liquid. Complex behaviors of these functional fluids are observed in various situations of an applied magnetic field and a flow field. From the viewpoint of applying these magnetic suspensions in the field of micro-hydrodynamics, a series of systematic studies have been conducted regarding the aggregation phenomena and rheological properties (Satoh, et al., 1996a (Satoh, et al., , 1996b (Satoh, et al., , 1998 (Satoh, et al., , 1999 (Satoh, et al., , 2000 .
In the field of colloid interface science, magnetic particles have been investigated with hopeful applications such as high-density recording materials (Harrell, et al., 2005; Verdes, et al., 2006) and optical units (Iwayama, et al., 2003; Reese, et al., 2000; Mine, et al., 2005; Sakka, 2006a, 2006b ). In the field of fluids engineering, the main targets for the application of a suspension have been actuators and dampers (Bullough, 1996) . Recently, application of magnetic particles to the bioengineering field is a challenging and hopeful research subject. A representative application of magnetic suspensions to the bioengineering field is a magnetic drug delivery system (magnetically targeted drug delivery) employing a gradient magnetic field (Häfeli, et al., 1997; Kuznetsov, et al., 1999; Weingart, et al., 2013) . As schematically shown in Fig. 1 , the concept of the magnetic delivery system is that composite particles composed of thermo-sensitive polymeric material loading (anti-cancer) drugs and magnetic materials (particles) are administered to a targeted region such as a tumor or cancer cells intensively and effectively by means of a gradient applied magnetic field. On the application of a non-uniform magnetic field, magnetic particles will experience a body force acting in the direction of the field gradient, so that it is possible to use this effect to administer drug agents to a specific site (tumor or cancer cells) in the human body intensively and effectively by means of an appropriate arrangement of magnets Cao, et al., 2011; Takeda, et al., 2007; Shapiro, 2009 ).
Surface modification technology plays an important role for successful synthesis of functional magnetic particles. Moreover, according to the synthesis method, diffusion and sedimentation phenomena in the gravity field may have a significant effect on the final quality of these functional particles. Furthermore, it is necessitated to develop the technology for controlling self-assembled layers, aggregation structures and orientational features of magnetic particles on a material surface after sedimentation, by means of an applied magnetic field. From the above consideration, it is clear that, in developing functional magnetic particles, physical phenomena such as aggregation phenomena, orientational distribution and phase change of magnetic particles on a material surface have a significant relationship with the synthesis procedure. Moreover, in the application to the drug delivery system, the behavior of magnetic particles is necessary to be controlled in terms of an external magnetic field as well as a flow field. Hence, it is quite important to develop a simulation technique that can simulate the particle motion and the ambient flow field simultaneously.
In order to investigate the above-mentioned phenomena, the dissipative particle dynamics method (Hoogerbrugge and Koelman, 1992; Espanol and Warren, 1995; Satoh, 2010) and the lattice Boltzmann method (Succi, 2001; Rothman and Zaleski, 1997; Satoh, 2010) are employed for a non-equilibrium flow situation, although the Monte Carlo method is a powerful technique for a thermodynamic equilibrium situation.
The lattice Boltzmann method (Rothman and Zaleski, 1997; Succi, 2001; Satoh, 2010) is based on the concept of the virtual fluid particles and may be a potential method for simulating a flow problem of particle suspensions. This method can simulate both the motion of particles and the ambient fluid simultaneously together with taking into account multi-body hydrodynamic interactions among particles through the interactions between the particles and the ambient fluid particles. There are several pioneering works for a particle dispersion (Ladd, 1993 (Ladd, ,1994 , and they clarified that the lattice Boltzmann method is significantly available for a particle dispersion. In the case of a magnetic suspension, however, magnetic particles are coated with a soft steric layer such as a surfactant layer or an electric double layer (Rosensweig, 1985; Satoh, 2010) . This soft steric layer induces several difficulties in conducting lattice Boltzmann simulations, so that further studies are necessitated to be done in order to clarify the availability of the lattice Boltzmann method. Fig. 1 Concept of a magnetic drug delivery system and related physical phenomena: (a) magnetic core particle coated with drug loading polymers, (b) non-magnetic core particle or capsule including drugs coated with drug loading polymers, (c) collecting method due to a magnetic body force acting on magnetic particles and (d) physical phenomena related to the synthesis of magnetic composites and a magnetic delivery From this background, we have already discussed a method of activating the Brownian motion of magnetic particles, based on fluctuation hydrodynamics (FH) . From the previous study (Satoh, 2013) , it was clarified that the FH-based lattice Boltzmann method combined with the viscosity-modifying technique gave rise to significantly good agreement with the results of the Monte Carlo method. However, from a simulation point of view, generation of Brownian motion due to Brownian-dynamics-like method seems to be much more straightforward than that due to FH.
The objective of the present study, therefore, is to discuss the feasibility of the hybrid-type simulation method of lattice Boltzmann and Brownian dynamics combined with the viscosity-modifying technique. The viscosity-modifying technique is expected to be able to activate the Brownian motion of magnetic particles at a physically reasonable level. We here address a thermodynamic equilibrium situation of a magnetic suspension and attempt to verify the feasibility of the present hybrid-type simulation method by comparing the aggregate structures such as snapshots and pair correlation function with those of Monte Carlo simulations and also with those of FH-based lattice Boltzmann simulations.
Hybrid-type simulation method of lattice Boltzmann and Brownian dynamics 2.1 BGK lattice Boltzmann method
We consider a three-dimensional system in the present study, and therefore we employ the D3Q19 lattice model (Rothman and Zaleski, 1997; Succi, 2001; Satoh, 2010) . There are nineteen possibilities for the fluid particles to movie to the neighboring sites, including the quiescent state. These nineteen possibilities for the movement are expressed using the symbol α=0, 1,…, 18. Since the BGK collision model is the most famous in the modeling of the Boltzmann equation, we here employ the BGK lattice Boltzmann method. The notation f α (r, t) is used for the particle distribution function at a lattice site r in the α-direction at time t. Employing this notation, the particle distribution f α (r+c α Δt, t+Δt) at (r+c α Δt) after the time interval Δt can be obtained from the following equations:
in which τ is the relaxation time (non-dimensional), and f α (0) is the equilibrium distribution function. In the situation of the macroscopic velocity u (u=|u|) and the density ρ 0 , the equilibrium distribution function is expressed as
in which w α is the weight constant, c=Δx/Δt (Δx is the lattice separation) and c α is the lattice velocity. In the D3Q19 model, these quantities are written as
Since the present study addresses a system in thermodynamic equilibrium, the periodic boundary condition (Rothman and Zaleski, 1997; Succi, 2001; Satoh, 2010 ) is used at the outer boundary surface. For the boundary model at the particle surface and its neighboring sites, we employ the equilibrium linear YLMS method (Satoh and Chantrell, 2011) . We assume that r w is the point at the particle surface, r p is the neighboring point inside the particle, r l is the neighboring site in the liquid area, and r l΄ is the next neighboring point. If the particle distribution function at r w , f 2 (r w , t+Δt), is known, f 2 (r l , t+Δt) at r l can be evaluated from the linear interpolation method using those at r l΄ and r w . The equilibrium linear YLMS method uses the equilibrium distribution shown in Eq. (2) as f 2 (r w , t+Δt). The same treatment is conducted for the other directions.
We show the method of evaluating the forces and torques acting on dispersed particles by the ambient fluid or fluid particles. Now we focus on an arbitrary lattice point cyl l r next to the particle surface and the neighboring site in the direction of cyl l    is inside the particle. The momentum of the fluid particles moving toward the particle surface and that after the collision at ( , the force acting on the particle cyl l  F can be obtained as
Similarly, the torque acting on the particle cyl l  T due to the collisions of fluid particles is written as
in which c r is the center of the particle, and w r is the position vector at the particle surface on a line along the
Hence, the total force F i (lttc) and torque T i (lttc) acting on particle i by the ambient fluid can finally be obtained by summing the contributions from the neighboring lattice points cyl l r and the interacting directions
Method for activating the particle Brownian motion based on Brownian dynamics
If a single colloidal particle is moving in a quiescent flow field, the translational motion of the particle can be described by the following Langevin equation (Allen and Tildesley, 1987; Satoh, 2003) :
in which m p and v are the mass and the velocity of the particle. F is the force acting on the particle which is the sum of the magnetic force described below and F (B) is the random force inducing the particle Brownian motion. For the case of a single-moving particle, this force is required to satisfy the following stochastic characteristic (Satoh, 2003) : (8) in which I is the unit tensor, δ is Dirac's delta function, k is Boltzmann's constant, and T is the system temperature. The quantity ξ (t) is the translational friction coefficient expressed as expressed as ξ (t) =3πηD 0 (Brenner, 1974) , in which η is the viscosity of a base liquid and D 0 is the particle diameter.
The basic equation for the rotational motion can be expressed in an equation similar to Eq. (7): (9) in which I p is the moment of inertial and ω is the angular velocity. The random torque T (B) has the following stochastic characteristic: (10) in which ξ (r) =πηD 0 3 is the rotational friction constant (Brenner, 1974) . The random motion of the particles is expected to be activated by introducing the random forces and torques in Eqs. (8) and (10), which are generated in a usual way based on the normal distribution with each variance (Allen and Tildesley, 1987; Satoh, 2003) , into the basic equations for the particles. The flow field around the particles is solved by means of the ordinary lattice Boltzmann method. This is the present approach for activating the Brownian motion of the dispersed particles and is described as a "hybrid-type" simulation method.
Viscosity-modifying method for activating the particle Brownian motion at higher accurate level
The previous study (Satoh, 2002) clearly showed that the method of activating the particle Brownian based on the stochastic properties in Eqs. (8) and (10) alone cannot provide the physically reasonable level of the random motion. From the stochastic properties of the random forces in Eq. (8) or random torques in Eq. (10), it is seen that the random forces and random torques are dependent on the viscosity of a base liquid. In the viscosity-modifying technique, the viscosity is modified in such a way that the system temperature evaluated from the velocity of all particles gives rise to the theoretical temperature. It is seen from the theory of the lattice Boltzmann method (Satoh, 2010 ) that the system temperature or the liquid temperature T (or T (theory) ) satisfies the relationship of kT (theory) =m l c 2 /3 , where m l is the mass of fluid particles per one lattice site. In concrete, the evaluation of a modified viscosity is conducted as follows. An initial viscosity is set from the relationship η=ρ 0 ∆ tc 2 (2τ-1)/6 (ρ 0 is the density of the liquid) by giving a value of the relaxation time, and the particles are moved translationally and rotationally according to Eqs. (11) to (14). If the temperature evaluated from the translational velocities of all particles,
, is higher than the theoretical temperature T (theory) , the viscosity is decreased by several percents, and vice versa; similar procedure is conducted for angular velocities. Then the procedure of the particle movement at the next time is carried out with the use of such a modified viscosity. In this way, the random translational displacements are modified in such a way that the temperature evaluated of the particle velocities converges to the theoretical temperature. From preliminary simulations, it was clarified that the modified viscosity obtained from the translational velocities was different from that from the angular velocities, so that we here employ a different modified viscosity for the translational and rotational motion. That is, for the case of the translational motion, we will use the scaling coefficient c η t r a n satisfying the relationship η t r a n = c η t r a n η, in which the use of the modified viscosity η t r a n provides the theoretical system temperature. Similarly, for the case of the rotational motion, the scaling coefficient c η r o t , satisfying the relationship η r o t =c η r o t η , will be used.
Equation of motion of magnetic particles
The magnetic particle is modeled as a solid spherical particle with a magnetic dipole at the center coated with a uniform steric (or surfactant) layer. The diameter of the solid part is denoted by D, and the thickness of a steric layer by δ 0 . From interaction energies between particles or between an external magnetic field and a particle (Rosensweig, 1985; Satoh, 2010) , the equations of the forces and torques acting on an arbitrary particle i are derived. We here show the final results in non-dimensional form. In non-dimensionalizing quantities, the following representative values are used: Δt for time, Δx for distances, c(=Δx/Δt) for velocities, and ρ 0 (Δx) 4 /(Δt) 2 for for forces. Employing these representative values, the equations of motion of an arbitrary particle i are written in non-dimensional form as (Satoh and Chantrell, 2011) (11) (12) ( 1 3 ) ( 1 4 ) in which the superscript * implies the non-dimensional quantities and ρ p * is the density of magnetic particles. Moreover, n i is the unit vector denoting the direction of the magnetic moment m i , expressed as n i =m i /m (m= |m i | ).
The total force and torque acting on an arbitrary particle i can be obtained as
(lttc)* and T i (lttc)* are the force and torque exerted by the ambient fluid, as shown in Eq. (6). Also, F ij (m)* is the magnetic force exerted by particle j, F ij (V)* is the force due to the overlap of the steric layers, T ij (m)* is the magnetic torque exerted by particle j due to the magnetic interaction, and T i (H)* is the torque due to the interaction between the magnetic moment and an applied magnetic field H (H=|H|). These non-dimensional forces and torques are expressed as (Satoh and Chantrell, 2011; Satoh, 2012) 
and D 1 is the diameter of the particle including the surfactant layer δ 0 , expressed as D 1 = D+2δ 0 . The non-dimensional parameters R m , R V and R H are related with the ordinary non-dimensional parameters λ (=μ 0 m 2 /(4πD 3 kT )), ξ (=μ 0 mH/kT) and λ V (=πD 2 n s /2) (Satoh and Chantrell, 2011; Satoh, 2012) :
In the above derivation procedure, we have taken into account the equi-partition law of kinetic energies, i.e., kT =m l c 2 /3, as mentioned before. The notation λ and ξ are the non-dimensional parameters representing the strengths of magnetic particle-particle and particle-field interactions, respectively, and λ V is the non-dimensional parameter representing the strength of repulsive interaction due to the overlap of the steric layers. In these expressions, μ 0 is the permeability of free space and n s is the number of surfactant molecules per unit area on the particle surface.
Conditions for conducting the simulation
With referring to the previous results (Satoh, et al., 1996; Satoh, 2013; Satoh and Chantrell, 2011; Satoh, 2012) , we used the following values for each parameter for conducting the present simulation. As in the usual lattice Boltzmann method, the time interval for simulations is unity, i.e. Δt * =1. The density of magnetic particles ρ p * is taken as ρ p * =5, the relaxation time is τ =0.7, and the following values were used for a representative case. The particle diameter D * is D * =10, the volumetric fraction is  V =0.1, the number of magnetic particles is N p =125, and the size of the simulation region is (l x * , l y * , l z * )=(87,87,87). Unless specifically notified, results were obtained using these values. The strength of the repulsive interaction due to the particle overlap is taken as λ V =150, the magnetic particle-field and particle-particle interactions are taken in a wide range as ξ=0~20 and λ=0~20, respectively. The cut-off distance for evaluating forces and torques is typically coff r (=r coff /D)=7.0. The number of total time steps is set as N timemx =100,000 and the last 90% of data are used for evaluating the average of each quantity of interest. It is noted that for a case of λ>>1 and ξ>>1, the effects of the magnetic particle-particle interaction and the applied magnetic field are both much more dominant than the Brownian motion. In a converse case with λ≲1 and ξ≲1, the Brownian motion is more dominant than each of the respective factors.
Since the present phenomenon is characterized by the three non-dimensional parameters λ, ξ and λ V , which imply the strength of the influence of each factor relative to thermal (Brownian) motion, as mentioned before, the system temperature itself does not explicitly appear in the non-dimensional system and therefore is not necessary to be specified for simulations. In the viscosity-modifying procedure, the scaling of the viscosity for modifying the random motion is performed using the temperature ratios T (trans) / T (theory) and T (rot) / T (theory) expressed as 
Results and discussion

Aggregate structures obtained by the hybrid-type simulation method
We first discuss the validity of the present hybrid-type simulation method by comparing the aggregation structures of magnetic particles with those of the Monte Carlo method and the FH-based lattice Boltzmann method. Figure 2 shows snapshots that were obtained from the present hybrid-type method combined with the viscosity-modifying technique for the case of a strong magnetic particle-particle interaction λ=10: Figs. 2(a) and 2(b) are for a weak magnetic field case ξ=1 and for a strong field case ξ=10, respectively. Since the snapshots obtained by Monte Carlo and FH-based lattice Boltzmann method are not essentially different from the present snapshots, we do not show those results for comparison.
For the case of λ=10, shown in Fig. 2 , the magnetic particle-particle interaction is much more dominant than the Brownian motion, so that if this interaction is also much more dominant than an applied magnetic field ( Fig. 2(a) ), long chain-like clusters are formed in various direction, not restricted to the magnetic field direction; several chain-like clusters are shown with blue color for straightforwardly being recognized. These chain-like clusters are expected to further aggregate to form a network-like cluster formation as in a two-dimensional system. For the case of a significantly strong applied magnetic field (ξ=10), shown in Fig. 2(b) , the magnetic moment of each particle is significantly restricted to the magnetic field direction (i.e. to the upward direction of paper), so that long chain-like clusters are observed to be formed in the magnetic field direction. These qualitative characteristics of the cluster formation are in significantly good agreement with those of the Monte Carlo and the FH-based lattice Boltzmann, although these snapshots are not shown as figures. The previous hybrid-type simulation method combined with the velocity-scaling procedure (Satoh, 2012) gives rise to significantly exaggerated thick chain-like clusters in the field direction, which are physically invalid. By taking into account this drawback of the previous method, the present simulation method combined with the viscosity-modifying technique can be seen to provide physically reasonable results regarding the aggregate structures of magnetic particles. Fig.2 Aggregate structures for the magnetic particle-particle interaction strength λ=10: (a) for a weak magnetic field ξ=1 and (b) for a strong magnetic field strength ξ=10; a magnetic field is applied in the upward direction a b
Quantitative features of the aggregate structures in terms of the pair correlation function
Since in the previous section we have shown qualitative characteristics of the aggregate structures in several cases of the magnetic field strength and the magnetic particle-particle interaction strength, we here discuss a quantitative aspect of the aggregate structures by focusing on the pair correlation function in the magnetic field direction. Figure  3(a) shows the dependence of the pair correlation function on the magnetic particle-particle interaction strength λ for ξ=10 and Fig. 3(b) shows the dependence on the magnetic field strength ξ for λ=10.
First we discuss the dependence on the magnetic particle-particle interaction strength. For the case of a weak magnetic interaction λ=1, the curve shows almost a flat shape about unity with a low peak at r/D≃1.3, so that in this situation magnetic particles do not aggregate but move almost independently. For the case of a stronger magnetic interaction λ=5, the first high peak significantly appears st r/D≃1.3 and the second low peak starts to appears at r/D≃2.6. These characteristics clearly show that significant cluster formation comes to appear in the magnetic field direction. For the cases of λ=10 and 20, the magnetic interaction strength is sufficiently strong for magnetic particles aggregating to form stable long chain-like clusters, and therefore high peaks are observed at positions integer times the diameter including the surfactant layer. A point to be noted in Fig. 3(a) is that a larger case of λ=20 exhibits significantly lower peaks than a weaker case of λ =10. This characteristic apparently seems to be unreasonable since more stable and stronger clusters should be formed for a stronger magnetic particle-particle interaction strength. The reason for the above-mentioned characteristic may be explained in the following manner. Stable long clusters are formed for both cases of λ=10 and 20, but for the latter case the magnetic interaction is much more dominant than the external magnetic field. In this situation the long chain-like clusters are more weakly restricted to the magnetic field direction, which leads to lower peaks than for the case of λ =10.
Next we discuss the influence of the magnetic field strength on the pair correlation function. As above-mentioned, stable long chain-like clusters are formed for the case of λ=10, and therefore the influence of the magnetic field comes to be more dominant with increasing values of ξ. In the situation of a weak magnetic field such as ξ=1, the chain-like clusters do not show a specific directional characteristic but almost incline in every direction. Hence the pair correlation function exhibits a uniform distribution about unity with a very low peak. As the magnetic field strength increases, the influence of the applied magnetic field monotonically becomes more dominant, so that each peak at the positions integer time the diameter including the surfactant layer becomes higher with increasing values of ξ. This is due to the fact that the tendency of chain-like clusters inclining in the magnetic field direction becomes more significant with increasing magnetic field strength.
The height of the first and second peak of the pair correlation function is quite sensitive to many factors such as simulation methods, and therefore we here address these two peaks for comparing the present results with those of Monte Carlo and FH-based lattice Boltzmann simulations. Before proceeding to the discussion, it should be noted that the position where the peaks appear agrees well with each other among these simulation methods. Figure 4 shows the height of the first and second peak of the pair correlation function in the field direction as a function of the magnetic particle-particle interaction strength λ. These results were obtained for a strong applied magnetic field case ξ=10, and the Monte Carlo and FH-based lattice Boltzmann results are also shown for comparison. It is seen that the height of the first and second peak becomes significant with increasing magnetic interaction strength in the range of λ≲10. Good agreement with the Monte Carlo and FH-based lattice Boltzmann results is obtained in the range of a weak interaction, λ≲5. However, disagreement with Monte Carlo results seems to be relatively clear in the range of λ≳10, although the result for λ=10 agrees well with that for the FH-based lattice Boltzmann method. The above-mentioned discrepancy does not necessarily show a drawback of the present hybrid-type simulation method, which is explained in the following. In the range of weak magnetic particle-particle interactions, magnetic particles do not significantly aggregate and the magnetic moment of each particle is strongly restricted to the magnetic field direction for the case of a strong applied magnetic field ξ=10. Hence, in this range of magnetic interaction strengths, the cluster formation of magnetic particles is not significantly influenced by the dimensions of a simulation region. In the case of λ=5, the applied magnetic field is still more dominant than the magnetic particle-particle interaction, so that short chain-like clusters significantly tend to align in the field direction, which implies that the internal structures of chain-like clusters are almost independent of the size of a simulation region. This leads to relatively good agreement among three simulation results in the pair correlation function shown in Fig. 4 . In the cases of λ=10 and 20, the formation of long chain-like clusters appears more significantly and the results of the pair correlation function are more dependent on the size of a simulation region. That is, since the magnetic particle-particle interaction becomes more dominant than the applied magnetic field in these cases, the chain-like clusters do not necessarily incline in the magnetic field direction. Hence, the pair correlation function (in the magnetic field direction) decreases with increasing values of λ from λ=10 to λ=20. In order to obtain good agreement among three simulation results, a much larger simulation region is surely necessary, in which a sufficient number of long clusters exist for giving rise to data with sufficient accuracy, leading to good agreement among these simulation results. From these considerations, it can be expected that agreement among the present, the Monte Carlo and the FH-based lattice Boltzmann results for the cases of λ=10 and 20 will be improved more significantly with increasing dimensions of a simulation region.
Validity of the activation level of the rotational Brownian motion in terms of magnetization curves
The magnetization is quite sensitive to the orientation of the magnetic moment of each particle, and therefore if the activation level of Brownian motion of particles is not physically accurate, magnetization curves will be significantly deviate from the exact solutions. Hence, it is quite reasonable to address magnetization curves for discussing whether or not the rotational Brownian motion of the magnetic particles is activated at a physically reasonable level. Figure 5 shows results of the normalized magnetization M/M 0 based on the saturation value M 0 for the two cases of the magnetic particle-particle interaction: Figs. 5(a) and 5(b) are results for λ=1 and 10, respectively. In these figures, Monte Carlo and FH-based lattice Boltzmann results are also shown for comparison. In the whole range of the applied field strength, Fig.4 Dependence of the first and second peak of the pair distribution function on the magnetic particle-particle interaction strength λ for the magnetic field strength ξ=10: the results of the present hybrid-type simulation method are compared with those of Monte Carlo and FH-based lattice Boltzmann the results are seen to be in good agreement among the three simulation results for both cases of λ=1 (no aggregate formation case) and λ=10 (chain-like cluster formation case). Hence, it is seen that the present hybrid-type simulation method gives rise to a physically accurate level of the activation of the Brownian motion of magnetic particles. We therefore discuss the characteristics of the magnetization curves themselves in the following. In the range of a weak magnetic field such as ξ ≲5, the values of magnetization for a strong interaction λ=10 are much lower than those for a weak magnetic interaction λ=1. This is due to the fact that the chain-like clusters are not restricted to the magnetic field direction in the situation of the magnetic interaction being much more dominant than the applied magnetic field, leading to lower values of magnetization than those for λ=1. As the magnetic field strength increases, the value of the magnetization for λ=10 approaches the corresponding value for λ=1. This is because in a strong applied magnetic field such as ξ =20, the orientation of the magnetic moment of each particle is dominantly determined by the influence of the applied magnetic field: that is, the effect of the magnetic particle-particle interaction is significantly overwhelmed by the external magnetic field, leading to the magnetization for λ=10 sufficiently converging to the value for λ=1 at ξ =20.
From good agreement with the Monte Carlo and the FH-based lattice Boltzmann results regarding the magnetization curve, we make a conclusion that the hybrid-type simulation method combined with the viscosity-modifying technique can activate the rotational Brownian motion at a physically reasonable level.
Conclusion
From the viewpoint of applying the lattice Boltzmann method to a flow problem of magnetic suspensions, we have investigated the feasibility of the hybrid-type method of lattice Boltzmann and Brownian dynamics. The viscosity-modifying technique has been employed for sophisticating the activation level of the translational and rotational Brownian motion of magnetic particles. In the present study, we have treated aggregation phenomena in thermodynamic equilibrium for verifying the feasibility of the present hybrid-type simulation method. From the results regarding the snapshots and pair correlation functions of magnetic particles, the present hybrid-type simulation method is seen to show good agreement with the results of Monte Carlo method and lattice Boltzmann method based on fluctuation hydrodynamics (FH) both quantitatively and qualitatively. For example, physically reasonable aggregate structures can be obtained such as linear chain-like clusters in the magnetic field direction in the situation where the magnetic particle-particle interaction is more significant than thermal motion and also is much smaller than the applied magnetic field. Moreover, the characteristics of the magnetization as a function of the magnetic field strength are also in good agreement with Monte Carlo and FH-based lattice Boltzmann results. This clearly shows that the rotational Brownian motion of magnetic particles is activated at a physically reasonable level. 
